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Some fuzzy common fixed point theorems
using common limit in the range property

with an application

Ved Prakash Bhardwaj, Kamal Wadhwa

Abstract. In the present paper, we prove some common fixed point
theorems for mappings satisfying common limit in the range property
in M -fuzzy metric space. Further, we prove fixed point theorem for
φ-contractive conditions in aforesaid spaces with the illustration of an
example. As an application of our result, we study the existence and
uniqueness of the solution of integral equation (Volterra integral equa-
tions of the second kind) with instances.

1. Introduction

There are many generalizations of metric spaces. One of the generalization
is introduced by Gahler [6] called 2-metric space. Dhage in 1992 introduced
D-metric space [5], in his Ph.D. thesis and claimed that D-metric give a gen-
eralization of ordinary metric function and moved on to present some fixed
point results. Afterwards, his works have been the foundation for several
papers by Dhage himself and other authors. However, in 2004 Mustafa and
Sims [13] demonstrated that most of the claims regarding the fundamental
topological properties of D-metric spaces are incorrect, for example, a D-
metric need not be a continuous function of its variables. Unfortunately,
approximately all theorems in D-metric spaces are not valid see [15]. A
modification in the definition of D-metric space was introduced by Sedghi
et al. [21] as D∗-metric space. In view of [23], Sedghi and Shobe [22] given a
concept ofM -fuzzy metric space which is a fuzzy version of D∗-metric space
and proved common fixed point theorems. Some recent results in M-fuzzy
metric spaces are [14, 23].

On the other hand, Sintunavarat and Kumam [24] gave the notion of
common limit in the range property as a generalization of property E.A. [1],
which relaxes the condition of closedness of the underlying subspace.
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Besides these many scientific and engineering problems can be described
by integral equations. Integral equations can also be formed by many math-
ematical physics models such as scattering in quantum mechanics, conformal
mapping, wave water and diffraction problems. There are many areas that
can be described by integral equations for instance propagation of stocked
fish in a new lake, the heat radiation, biological species living together,
Volterra’s population growth model etc. Most of the initial and boundary
value problems can be changed into Volterra or Fredholm integral equations.
A class of mathematicians are working in this area and trying to obtain so-
lutions of the integral equations using their results. Recently, Mishra et al.
[12] introduce the notion of a modified α-φ-fuzzy contractive mapping and
prove some results in fuzzy metric spaces for such kind of mappings. As
an application, they study the existence and uniqueness of the solution to
integral equation. Some applications of fixed point theorems in metric or
fuzzy metric theory can be seen in [2, 3, 4, 7, 9, 11, 12, 16, 17, 18, 25].

In this paper, we establish some common fixed point theorems for map-
pings satisfying common limit in the range property under different contrac-
tive conditions in M -fuzzy metric space with the illustration of some exam-
ples. As an application of our result, we study the existence and uniqueness
of the solution of integral equation (Volterra integral equations of the second
kind) with examples.

2. Preliminaries

In this section, we have recalled some definitions and useful results which
have already been in the literature.

Definition 1 ([19]). A binary operation ∗ : [0, 1]× [0, 1] → [0, 1] is contin-
uous t-norm if ∗ satisfying the following conditions:

(i) ∗ is commutative and associative;
(ii) ∗ is continuous;
(iii) a ∗ 1 = a, for all a ∈ [0, 1];
(iv) a ∗ b ≤ c ∗ d, whenever a ≤ c and b ≤ d, ∀a, b, c, d ∈ [0, 1].

Examples of t-norm are a ∗ b = ab and a ∗ b = min(a, b).

Definition 2 ([8]). A 3-tuple (X,Mg, ∗) is called a fuzzy metric space if
X is an arbitrary set, ∗ is a continuous t-norm, and Mg is a fuzzy set in
X2 × (0,∞) satisfying the following conditions ∀x, y ∈ X and t > 0:

(1) Mg(x, y, t) > 0;
(2) Mg(x, y, t) = 1, t > 0 if and only if x = y;
(3) Mg(x, y, t) = Mg(y, x, t);
(4) Mg(x, y, t)*Mg(y, z, s) ≤Mg(x, z, t+ s);
(5) Mg(x, y, ·) : (0,∞)→ [0, 1] is continuous.
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Example 1 ([20]). LetX be an arbitrary non-empty set and η be an increas-
ing and a continuous function of R+ into (0, 1) such that limt→∞ η(t) = 1.
Two typical examples of these functions are

η(x) =
x

x+ 1
, and η(x) = 1− e−x.

Denote a ∗ b = ab, for all a, b ∈ [0, 1]. For each t ∈ (0,∞), define

Mg(x, y, t) = η(t)d(x,y),

for all x, y ∈ X, where d(x, y) is an ordinary metric. It is easy to see that
(X,Mg, ∗) is a fuzzy metric space.

Definition 3 ([24]). A pair (A,S) of self-mappings of a fuzzy metric space
(X,Mg, ∗) is said to satisfy the common limit in the range property with
respect to mapping S (briefly, (CLRS) property), if there exists a sequence
xn in X such that

lim
n→∞

Axn = lim
n→∞

Sxn = Sz, for some z ∈ X.

Definition 4 ([22]). Let X be a nonempty set. A generalized metric (or
D∗-metric) on X is a function D∗ : X3 → R+ that satisfying the following
conditions, for each x, y, z, a ∈ X:

(1) D∗(x, y, z) ≥ 0;
(2) D∗(x, y, z) = 0 if and only if x = y = z;
(3) D∗(x, y, z) = D∗(p{x, y, z}), where p is a permutation function;
(4) D∗(x, y, z) ≤ D∗(x, y, a) + D∗(a, z, z). The pair (X,D∗) is called a

generalized metric (or D∗-metric) space.

An example of such a function is:

D∗(x, y, z) = d(x, y) + d(y, z) + d(z, x),

where d is a ordinary metric on X.

Definition 5 ([22]). A 3-tuple (X,M, ∗) is called a M -fuzzy metric space if
X is an arbitrary (non-empty) set, ∗ is a continuous t-norm, andM is a fuzzy
set in X3 × (0,∞) satisfying the following conditions for each x, y, z, a ∈ X
and t, s > 0,

(M1) M(x, y, z, t) > 0;
(M2) M(x, y, z, t) = 1, t > 0, if and only if x = y = z;
(M3) M(x, y, z, t) = M(p{x, y, z}, t), where p is a permutation function;
(M4) M(x, y, a, t)*M(a, z, z, s) ≤M(x, y, z, t+ s);
(M5) M(x, y, z, ·) : (0,∞)→ [0, 1] is continuous.

Lemma 1 ([22]). Let (X,Mg, ∗) be a fuzzy metric space. If we define M :
X3 × (0,∞)→ [0, 1] by

M(x, y, z, t) = Mg(x, y, t) ∗Mg(y, z, t) ∗Mg(z, x, t)

for every x, y, z ∈ X then (X,M, ∗) is a M -fuzzy metric space.
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Example 2. Let (X,Mg, ∗) be a fuzzy metric space defined by

Mg(x, y, t) =

(
t

t+ 1

)|x−y|
for each t ∈ (0,∞) and ∀x, y ∈ X, where a ∗ b = ab, ∀a, b ∈ [0, 1].

If we define

M(x, y, z, t) =

(
t

t+ 1

)|x−y|+|y−z|+|z−x|
for each t ∈ (0,∞) and for all x, y, z ∈ X, then

M(x, y, z, t) =

(
t

t+ 1

)|x−y|+|y−z|+|z−x|
=

(
t

t+ 1

)|x−y|
.

(
t

t+ 1

)|y−z|
.

(
t

t+ 1

)|z−x|
= Mg(x, y, t) ∗Mg(y, z, t) ∗Mg(z, x, t)

by Lemma 2.1, (X,M, ∗) is a M -fuzzy metric space.

Lemma 2 ([23]). Let (X,M, ∗) be aM -fuzzy metric space. For any x, y, z ∈
X and t > 0, we have

(α1) M(x, x, y, t) = M(x, y, y, t);
(α2) M(x, y, z, t) is a nondecreasing with respect to t.

Lemma 3 ([23]). Let (X,M, ∗) be a M-fuzzy metric space with the condition
limt→∞M(x, y, z, t) = 1, for all x, y, z ∈ X and t > 0. If for all x, y, z ∈ X
and for a number k ∈ (0, 1)

M(x, y, z, kt) ≥M(x, y, z, t),

then x = y = z.

The concept of weakly compatible mapping was introduced by Jungck
[10] in metric space as follows:

Definition 6 ([10]). Two self mappings A and S of a metric space (X, d) are
said to be weakly compatible if they commute at their coincidence points,
that is

Ax = Sx implies that ASx = SAx.

Motivated by the above definition Sedghi and Shobe [22] defined the fol-
lowing:

Definition 7 ([22]). Let A and S be mappings from aM -fuzzy metric space
(X,M, ∗) into itself. Then the mappings are said to be weakly compatible
if they commute at their coincidence points, that is

Ax = Sx implies that ASx = SAx.
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Definition 8 ([22]). Let A and S be two self-mappings of aM -fuzzy metric
space (X,M, ∗). We say that A and S satisfy the property (E), if there
exists a sequence xn such that

lim
n→∞

M(Axn, u, u, t) = lim
n→∞

M(Sxn, u, u, t) = 1,

for some u ∈ X and ∀t > 0.

Definition 9 ([22]). Let Θ denotes a family of mappings such that each
θ ∈ Θ, θ : [0, 1]12 → [0, 1], and θ is continuous and increasing in each
co-ordinate variable. Also θ(s, s, . . . , s) > s, for every s ∈ [0, 1).

Sedghi and Shobe ([22]) proved the following result:

Theorem 1. Let A,B, S and T be self-mappings of a M -fuzzy metric space
(X,M, ∗) satisfying:

(i) A(X) ⊆ T (X), B(X) ⊆ S(X) and T (X) or S(X) is a complete
M-fuzzy metric subspace of X;

(ii) the pair (A,S) and (B, T ) are weakly compatible and (A,S) or (B, T )
satisfy the property (E);

(iii) M(Ax,By,Bz, t) ≥ θ
{

M(Sx, Ty, Tz, kt),M(Sx,By, Tz, kt),

M(Sx, Ty,Bz, kt),M(Sx,By,By, kt),
M(Ty,By,Bz, kt),M(Ty, Ty,Bz, kt),
M(Ty,By,By, kt),M(Ty,Bz,Bz, kt),
M(By, Ty, Tz, kt),M(By,By, Tz, kt),

M(By, Tz, Tz, kt),M(Tz,Bz,Bz, kt)
}
.

Then A,B, S and T have a unique common fixed point in X.

We use following in our results:

Definition 10 ([20]). Let Ψ be the set of all increasing and continuous
functions ψ : (0, 1]→ (0, 1], such that ψ(t) > t for every t ∈ (0, 1).

Definition 11 ([4]). Define Φ = {φ : R+ → R+}, where R+ = [0,+∞) and
each φ ∈ Φ satisfies the following conditions:
(φ− 1) φ is non-decreasing;
(φ− 2) φ is continuous;

(φ− 3)
∞∑
n=0

φn(t) < +∞, for all t > 0, where φn+1(t) = φn(φ(t)), n ∈ N .

It is easy to prove that, if φ ∈ Φ, then φ(t) < t for all t > 0.

Eventually, our main findings are:

3. Main section

Definition 12 defines CLR property in M -fuzzy metric space inspired by
Definition 3.
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Definition 12. A pair (A,S) of self-mappings of a M -fuzzy metric space
(X,M, ∗) is said to satisfy the common limit in the range property with
respect to mapping S (briefly, (CLRS) property), if there exists a sequence
xn in X such that

lim
n→∞

Axn = lim
n→∞

Sxn = Su,

i.e.,

lim
n→∞

M(Axn, Su, Su, t) = lim
n→∞

M(Sxn, Su, Su, t) = 1

for some u ∈ X and ∀t > 0.

Following theorem is improved result of [22].

Theorem 2. Let A,B, S and T be self-mappings of a M-fuzzy metric space
(X,M, ∗) satisfying:

(2.1) the pair (A,S) and (B, T ) are weakly compatible and enjoy (CLRS)
and (CLRT ) properties, respectively;

(2.2) for all x, y, z ∈ X and t > 0, k > 1

M(Ax,By,Bz, t) ≥ θ
{
M(Sx, Ty, Tz, kt),M(Sx,By, Tz, kt),

M(Sx, Ty,Bz, kt),M(Sx,By,By, kt),

M(Ty,By,Bz, kt),M(Ty, Ty,Bz, kt),

M(Ty,By,By, kt),M(Ty,Bz,Bz, kt),

M(By, Ty, Tz, kt),M(By,By, Tz, kt),

M(By, Tz, Tz, kt),M(Tz,Bz,Bz, kt)
}
,

where θ ∈ Θ, and θ(1, 1, . . . , 1) = 1.

Then A,B, S and T have a unique common fixed point in X.

Proof. Since the pair (A,S) and (B, T ) enjoy (CLRS) and (CLRT ) proper-
ties, respectively, therefore there exist sequences xn and yn in X such that

lim
n→∞

Axn = lim
n→∞

Sxn = Sx,

and

lim
n→∞

Byn = lim
n→∞

Tyn = Ty,

for some x, y ∈ X.
We show that Sx = Ty. Suppose that Sx 6= Ty. Condition (2.2) implies

that
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M(Axn, Byn,Byn+1, t) ≥

θ
{
M(Sxn, T yn, Tyn+1, kt),M(Sxn, Byn, T yn+1, kt),

M(Sxn, T yn, Byn+1, kt),M(Sxn, Byn, Byn, kt),

M(Tyn, Byn, Byn+1, kt),M(Tyn, T yn, Byn+1, kt),

M(Tyn, Byn, Byn, kt),M(Tyn, Byn+1, Byn+1, kt),

M(Byn, Tyn, T yn+1, kt),M(Byn, Byn, T yn+1, kt),

M(Byn, Tyn+1, T yn+1, kt),M(Tyn+1, Byn+1, Byn+1, kt)
}
.

Take the limit as n→ +∞ we get,

M(Sx, Ty, Ty, t) ≥ θ
{
M(Sx, Ty, Ty, kt),M(Sx, Ty, Ty, kt),

M(Sx, Ty, Ty, kt),M(Sx, Ty, Ty, kt),

1, 1, 1, 1, 1, 1, 1, 1
}
,

M(Sx, Ty, Ty, t) > M(Sx, Ty, Ty, kt),

a contradiction of (α2). Thus, Sx = Ty.
To show that Ax = Sx. Suppose that Ax 6= Sx. Condition (2.2) implies

that

M(Ax,Byn,Byn+1, t) ≥

θ
{
M(Sx, Tyn, Tyn+1, kt),M(Sx,Byn, Tyn+1, kt),

M(Sx, Tyn, Byn+1, kt),M(Sx,Byn, Byn, kt),

M(Tyn, Byn, Byn+1, kt),M(Tyn, T yn, Byn+1, kt),

M(Tyn, Byn, Byn, kt),M(Tyn, Byn+1, Byn+1, kt),

M(Byn, T yn, T yn+1, kt),M(Byn, Byn, T yn+1, kt),

M(Byn, T yn+1, T yn+1, kt),M(Tyn+1, Byn+1, Byn+1, kt)
}
.

Take the limit as n→ +∞, we get

M(Ax, Sx, Sx, t) ≥ θ
{

1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1
}

= 1.

Hence, Ax = Sx. Similarly, using (α1), we can show that Ty = By.
Thus, Ax = Sx = Ty = By.
Since, the pairs (A,S) and (B, T ) are weakly compatible therefore

Ax = Sx implies that ASx = SAx,

and
Ty = By implies that BTy = TBy.

Thus, we have
AAx = ASx = SAx = SSx
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and
BBy = BAx = BTy = TBy = TAx = TTy.

To show that AAx = Ax. Suppose that AAx 6= Ax. Condition (2.2)
implies that

M(AAx,By,Byn, t) ≥ θ
{
M(SAx, Ty, Tyn, kt),M(SAx,By, Tyn, kt),

M(SAx, Ty,Byn, kt),M(SAx,By,By, kt),

7M(Ty,By,Byn, kt),M(Ty, Ty,Byn, kt),

M(Ty,By,By, kt),M(Ty,Byn, Byn, kt),

M(By, Ty, Tyn, kt),M(By,By, Tyn, kt),

M(By, Tyn, Tyn, kt),M(Tyn, Byn, Byn, kt)
}
.

Take the limit as n→ +∞, we get

M(AAx,Ax,Ax, t) ≥ θ
{
M(AAx,Ax,Ax, kt),M(AAx,Ax,Ax, kt),

M(AAx,Ax,Ax, kt),M(AAx,Ax,Ax, kt),

1, 1, 1, 1, 1, 1, 1, 1
}
,

M(AAx,Ax,Ax, t) > M(AAx,Ax,Ax, kt),

a contradiction of (α2). Thus, AAx = Ax. Similarly, using (α1), we can show
that BBy = By.

Now we have,

SAx = AAx = Ax = By = BBy = BAx = TAx.

Hence, AAx = SAx = BAx = TAx = Ax, i.e. Ax is a common fixed point
of A,B, S and T. The uniqueness follows from (2.2). �

Remark 1. Our Theorem 3.1 improves result of [22] in the following sense:
Containment of ranges and completeness of the subspace have been com-
pletely removed and Property (E) is replaced by CLRS property.

Theorem 3. Let A and S be self mappings of a M-fuzzy metric space
(X,M, ∗) satisfying the following conditions:

(3.1) the pair (A,S) is weakly compatible and enjoys the CLRS property;
(3.2) there exists a constant k ∈ (0, 1) and for all x, y ∈ X, t > 0,

M(Ax,Ay,Ay, kt) ≥ ψ(M(Sx, Sy, Sy, t)),

where ψ ∈ Ψ with ψ(1) = 1.
Then A and S have a unique common fixed point in X.

Proof. Since the pair (A,S) enjoys the CLRS property, there exists a se-
quence xn in X such that

lim
n→∞

Axn = lim
n→∞

Sxn = Su, for some u ∈ X.
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We show that Au = Su. Suppose that Au 6= Su. Using (3.2) we get,

M(Axn, Au,Au, kt) ≥ ψ(M(Sxn, Su, Su, t)).

Take the limit as n→ +∞ we get,

M(Su,Au,Au, kt) ≥ ψ(M(Su, Su, Su, t)) = ψ(1) = 1;

M(Su,Au,Au, t) ≥ 1.

Hence, Au = Su, i.e. u is a coincidence point of A and S.
Since, the pair (A,S) is weakly compatible therefore

Au = Su implies that ASu = SAu,

and thus
AAu = ASu = SAu = SSu.

Next we assert that AAu = Au. Suppose that AAu 6= Au. Using (3.2), we
get

M(AAu,Au,Au, kt) ≥ ψ(M(SAu, Su, Su, t))

= ψ(M(AAu,Au,Au, t)),

> M(AAu,Au,Au, t),

by Lemma 3, we have, AAu = Au.
Hence, Au = SAu = Au, i.e. Au is a common fixed point of A and S in

X. The uniqueness follows from (3.2). �

Example 3. Let X = [0, 1] and d is a ordinary metric on X. Define a ∗ b =
ab, for all a, b ∈ [0, 1],

D∗(x, y, z) = d(x, y) + d(y, z) + d(z, x),

and

M(x, y, z, t) =

(
t

t+ 1

)D∗(x,y,z)

,

for all x, y, z ∈ X, t > 0. Then (X,M, ∗) is M -fuzzy metric space. Define
A,S : X → X as follows:

Ax = 0 and x = x.

Clearly, the pair (A,S) enjoys the CLRS property for the sequence xn =
1
n ∈ X, since

lim
n→∞

Axn = 0(= S(0)) = lim
n→∞

xn.

Also, the pair (A,S) is weakly compatible, since, for x ∈ X, A(x) = S(x)
implies that AS(x) = SA(x). One can easily verify that A and S satisfy
condition (3.2), with ψ : (0, 1]→ (0, 1] defined by ψ(t) = t1/2 and ψ(1) = 1.
Thus A and S satisfy all the conditions of the Theorem 3 and have a common
fixed point 0 ∈ X.
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Theorem 4. Let (X,M, ∗) be a M -fuzzy metric space where ∗ be a contin-
uous t-norm. Let A,S : X → X be self mappings satisfying the following
conditions:

(4.1) the pair (A,S) is weakly compatible and enjoys the CLRS property;
(4.2) if there exists φ ∈ Φ such that

M(Ax,Ay,Ay, φ(t)) ≥ ψ(M(Sx, Sy, Sy, t)),

for all x, y ∈ X, t > 0, where ψ ∈ Ψ with ψ(1) = 1.
Then A and S have a unique common fixed point in X.

Proof. Since the pair (A,S) enjoys the CLRS property, there exists a se-
quence xn in X such that

limn→∞Axn = limn→∞ Sxn = Su, where u ∈ X.

Since, φ ∈ Φ then φ(t) < t and using (α2), we have,

M(Axn, Au,Au, t) ≥M(Axn, Au,Au, φ(t)) ≥ ψ(M(Sxn, Su, Su, t)).

Take the limit as n→ +∞ we get,

M(Su,Au,Au, t) ≥ ψ(M(Su, Su, Su, t)) = ψ(1) = 1,

M(Su,Au,Au, t) ≥ 1.

Hence, Au = Su, i.e. u is a coincidence point of A and S.
Since, the pair (A,S) is weakly compatible therefore

Au = Su implies that ASu = SAu,

and thus
AAu = ASu = SAu = SSu.

Next we assert that AAu = Au. Suppose that AAu 6= Au. Using (4.2), we
get

M(AAu,Au,Au, φ(t)) ≥ ψ(M(SAu, Su, Su, t))

= ψ(M(AAu,Au,Au, t)),

> M(AAu,Au,Au, t),

a contradiction of (α2) because t > φ(t). Thus, AAu = Au.
Hence, AAu = SAu = Au, i.e. Au is a common fixed point of A and S

in X. The uniqueness follows from (4.2). �

Example 4. Let X = [0, 1] and d is a ordinary metric on X. Define a ∗ b =
ab, for all a, b ∈ [0, 1],

D∗(x, y, z) = d(x, y) + d(y, z) + d(z, x),

and

M(x, y, z, t) =

(
t

t+ 1

)D∗(x,y,z)

,
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for all x, y, z ∈ X, t > 0. Then (X,M, ∗) is M -fuzzy metric space. Define
A,S : X → X as follows:

Ax =
x

4
and Sx = x.

Clearly, the pair (A,S) enjoys the CLRS property for the sequence xn =
1
n ∈ X, since

lim
n→∞

Axn = 0(= S(0)) = lim
n→∞

Sxn.

Also, the pair (A,S) is weakly compatible, since, A(x) = S(x) implies that
AS(x) = SA(x). One can easily verify that A and S satisfy condition (4.2),
with φ(t) = t

2 and ψ : (0, 1] → (0, 1] defined by ψ(t) = t1/2. Thus A and S
satisfy all the conditions of the Theorem 3.3 and have a common fixed point
0 ∈ X.

4. Application to integral equations

Here, we study the existence and uniqueness of the solution of a Volterra
integral equations of the second kind, using our results. Inspired by [12], we
consider the integral equation

(1) x(r) = g(r) +

∫ r

0
K(r, s, x(s)) ds,

for all r ∈ [0, I], where I > 0.
In view of [12], X = C([0, I], R) be the space of all continuous functions

defined on [0, I] endowed with the supremum norm

||x|| = sup
r∈[0,I]

|x(r)|, x ∈ X,

and the induced metric

d(x, y) = sup
r∈[0,I]

|x(r)− y(r)|, x, y ∈ X.

Here, we study the existence of the solution of integral equation (1) in X,
using our results.

We define D∗ : X3 → R+ by

D∗(x, y, z) = d(x, y) + d(y, z) + d(z, x).

Then (X,D∗) is a D∗-metric space.
Denote a ∗ b = ab,∀a, b ∈ [0, 1], and for each t ∈ (0,∞), we define,

(2) M(x, y, z, t) = η(t)D
∗(x,y,z),

for all x, y, z ∈ X, where η(t) = t
t+1 . Then (X,M, ∗) is a M -fuzzy metric

space induced by D∗-metric as shown in Example 2.
Now, we prove the existence of the solution of (1).
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Theorem 5. Let T : X → X be the integral operator given by

T (x(r)) = g(r) +

∫ r

0
K(r, s, x(s)) ds, g ∈ X

where K ∈ C([0, I]× [0, I]×R,R) satisfies the following conditions:
(5.1) there exists m : [0, 1]2 → R+ such that for each r, s ∈ [0, I] and

x, y ∈ X,
| K(r, s, x(s))−K(r, s, y(s)) |≤ m(r, s) | x(s)− y(s) |,

(5.2) for some 0 ≤ λ < 1,

sup
r∈[0,I]

∫ r

0
m(r, s) ds ≤ λ,

where
∫ t
0 m(r, s) ds is bounded on [0, I].

Then the integral equation (1) has a unique solution x′ ∈ X.

Proof. Let X = C([0, I], R). We can verify that (X,M, ∗) is a M -fuzzy
metric space with a ∗ b = ab, for all a, b ∈ [0, 1], and M(x, y, z, t) is as given
in (2). Obviously, η(t) is an increasing function and η(t) ∈ (0, 1).

For all x, y ∈ X, we have,

D∗(Tx, Ty, Ty) = 2 sup
r∈[0,I]

| T (x(r))− T (y(r)) |

≤ 2 sup
r∈[0,I]

∫ r

0
|K(r, s, x(s))−K(r, s, y(s))| ds

≤ 2 sup
r∈[0,I]

∫ r

0
m(r, s) | x(s)− y(s) | ds

≤ D∗(x, y, y) sup
r∈[0,I]

∫ r

0
m(r, s) ds.

By using (5.2), there is 0 ≤ λ < 1, such that

sup
r∈[0,I]

∫ r

0
m(r, s) ds ≤ λ.

Thus we have,
D∗(Tx, Ty, Ty) ≤ λD∗(x, y, y).

For all t ≥ 0, we have ( t
2

t
2 + 1

)
≥
(

t

t+ 1

)2

.

Since, η(t) ∈ (0, 1) and in view of (2), we have

M

(
Tx, Ty, Ty,

t

2

)
=

( t
2

t
2 + 1

)D∗(Tx,Ty,Ty)
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≥

[(
t

t+ 1

)2
]D∗(Tx,Ty,Ty)

≥
(

t

t+ 1

)2λD∗(x,y,y)

=

[(
t

t+ 1

)D∗(x,y,y)
]2λ

= (M(x, y, y, t))2λ

= ψ(M(x, y, y, t)),

where ψ(n) = (nλ)2, for some 0 ≤ λ < 1 and for every n ∈ (0, 1], which is
increasing and continuous function.

Therefore the condition (4.2) of Theorem 4 with f = T, g = I (Identity
mapping) and φ(t) = t

2 is satisfied. This shows that all the conditions of
Theorem 3.3 are satisfied. This proves that T has a unique fixed point
x′ ∈ X = C([0, I], R), which is a solution of the integral equation (1). �

Example 5. Find the solution of the integral equation

(3) T (x(r)) = 1 + r +

∫ r

0
(r − s)x(s) ds,

for all r ∈ [0, I], where I = 1 > 0.

Solution. Using integral equation of Theorem 5 and equation (3), we have

g(r) = 1 + r ∈ C([0, 1], R) and K(r, s, x(s)) = (r − s)x(s),

then there exists m : [0, 1]2 → R+ such that for each r, s ∈ [0, 1] and
x, y ∈ X,

| K(r, s, x(s))−K(r, s, y(s)) |= m(r, s) | x(s)− y(s) |,
where m(r, s) = |r − s|. Thus (5.1) holds.

One can easily check that for some λ ∈ [0, 1),

sup
r∈[0,1]

∫ r

0
(r − s) ds ≤ λ,

(i.e. r2

2 ≤ λ) holds for r ∈ [0, 1], where
∫ r
0 (r − s) ds is bounded on [0, 1].

Thus (5.2) holds.
Hence, T satisfies all the conditions of the Theorem 5 then there must

exists a solution of the integral equation (3), which is also a unique fixed
point of T .

To find the fixed point of T : T can have a fixed point if T (x(r)) = x(r),
then using (3) we have an integral equation

(4) x(r) = 1 + r +

∫ r

0
(r − s)x(s) ds.
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We use the Laplace Transform method to solve integral equation (4). We
can rewrite (4) as

(5) x(r) = (1 + r) + r ? x(r),

where r ? x(r) is the convolution product of r and x(r).
Taking Laplace transform on both side to equation (5), we have

L[x(r)] =
1

p
+

1

p2
+ L[r ? x(r)] =

p+ 1

p2
+

1

p2
L[x(r)],

i.e.,

L[x(r)] =
1

p− 1
,

and thus
x(r) = L−1[ 1

p− 1
] = er.

Hence x(r) = er ∈ C([0, 1], R) is a solution of the integral equation, which
is also a unique fixed point of T.

Example 6. Find the solution of the integral equation

(6) T (x(r)) = 1 +

∫ r

0
αx(s) ds,

for all r ∈ [0, I], where I = 1
2 > 0 and 0 < α < 1.

Solution. Using integral equation of Theorem 5 and equation (6), we have
g(r) = 1 ∈ C([0, 12 ], R) and K(r, s, x(s)) = αx(s), then there exists m :

[0, 1]2 → R+ such that for each r, s ∈ [0, 12 ], x, y ∈ X and α < 1,

| K(r, s, x(s))−K(r, s, y(s)) |= α | x(s)− y(s) |< m(r, s) | x(s)− y(s) |,
where m(r, s) = 1. Thus (5.1) holds.

One can easily check that

sup
r∈[0, 1

2
]

∫ r

0
ds ≤ λ,

(i.e. r ≤ λ) holds for r ∈ [0, 12 ] and some λ ∈ [0, 1), where
∫ r
0 ds is bounded

on [0, 1]. Thus (5.2) holds.
Hence, T satisfies all the conditions of the Theorem 5, then there exists

a solution of the integral equation (6), which is also a fixed point of T .
To find the fixed point of T : T can have a fixed point if T (x(r)) = x(r),

then using (6) we have an integral equation

(7) x(r) = 1 +

∫ r

0
αx(s) ds.

Using Laplace Transform method, we can rewrite (7) as

(8) x(r) = 1 + α[1 ? x(r)],
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where 1 ? x(r) is the convolution product of 1 and x(r). Taking Laplace
transform on both side to equation (8), we have

L[x(r)] =
1

p
+ αL[1 ? x(r)] =

1

p
+
α

p
L[x(r)],

i.e.,

L[x(r)] =
1

p− α
,

and thus
x(r) = L−1[ 1

p− α
] = eαr,

where 0 < α < 1.
Hence x(r) = eαr ∈ C([0, 1], R) is a solution of the integral equation,

which is also a unique fixed point of T.

5. Conclusion

We have defined common limit in the range property in M -fuzzy metric
space and also established some common fixed point theorem under the same
property in the aforesaid space, which is an improved result of [22]. Further,
we have obtained fixed point theorem using φ-contractive condition in such
spaces with the illustration of an example. We have studied an application
of our theorem to solve Volterra integral equations of the second kind with
instances.
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